We prove that any finite set of half-planes can be colored by two colors so that every point in the plane, which belongs to at least three half-planes in the set, is covered by half-planes of both colors. This settles a problem of Keszegh.
Introduction
A hypergraph H = (V, E) is a set V together with a system of sets E whose elements, called hyperedges, are subsets of the set V . A k-coloring of H is a mapping χ : V → C, where |C| = k. We say that an edge e is monochromatic under the coloring χ if χ(v) is the same for all vertices in e. A coloring χ under which no hyperedge of H is monochromatic is called a good coloring. We say that H can be k-colored if there is a good k-coloring of H. Then we define the chromatic number of H to be the minimum k such that H can be k-colored.
We are concerned with specific hypergraphs obtained from half-plane arrangements. Let H be a finite set of half-planes in R 2 . The set H defines the hypergraph H = H(H) = (V, E) having H as the set of vertices, and whose hyperedges correspond to the set of points covered by at least three half-planes in H. More formally, for each point p ∈ R 2 covered by at least three half-planes in H, the hyperedge e p ∈ E is the set of half-planes H containing p. Notice that all the points belonging to the same region in the arrangement of lines, which define half-planes in H, correspond to the same hyperedge (or no hyperedge). In [2] , Keszegh showed that the analogous hypergraph for points covered four or more times can always be 2-colored, and asked if coverage of 3 was actually enough. We answer this affirmatively: Theorem 1. For any finite set of closed half-planes H the chromatic number of H(H) is at most two. Moreover, a good 2-coloring can be computed in deterministic time O(|V | log |V |).
For the computational part of the above theorem we use the standard random access machine theoretical model, in which every basic algebraic operation (+, −, * , /) is assumed to be carried out in a constant time. We note that the non-algorithmic part of Theorem 1 cannot be improved: A simple example shows that if hyperedges in H correspond to the set of points covered by at least two half-planes in H, its chromatic number may be at least three. In [2] it was proved that it is always at most three.
The general problem of coloring hypergraphs is well-studied and its investigation can be traced back to the 1970s. We note that in general it is NP-hard to decide whether a given hypergraph is 2-colorable. The same holds even if we restrict ourselves to 3-regular hypergraphs [3] . Hence, probably there is no nice characterization of 2-colorable hypergraphs, if we require all hyperedges to have at least three vertices, which is our case. Two well-known conditions for a hypergraph H, which are easy to check, and which imply 2-colorability, are (1) H is balanced, (2) any union of m hyperedges contains at least m + 1 vertices (see e.g. [4] ). However, neither of them can used to easily prove Theorem 1.
Note that one can rephrase our problem in the setting of covering decomposition. For some recent results in the area see e.g. [5, 6] . Thus, we can say that we want to divide H into two parts so that any point p in the plane covered by at least three elements of H is covered by a half-plane in each part. Hence, an immediate consequence of Theorem 1 is the following.
Corollary 2. Every 3-fold covering of the plane by a finite set of closed half-planes is decomposable into two covers.
Preliminaries
From now on let H denote a finite set of closed half-planes in R 2 in general position: no half-plane in H is defined by a vertical line, no two half-planes in H are defined by two parallel lines, and no three half-planes in H are defined by three lines intersecting in a common point. By a standard perturbation argument one can show that general position holds without loss of generality for Theorem 1.
We say that a half-plane in R 2 is upper (lower), if it is defined as a set of points (x, y), satisfying y ≤ ax + b (resp. y ≥ ax + b), for some a, b ∈ R. We partition H into two parts H U and H L containing upper and lower half-planes, respectively.
The point-line duality in the plane transforms the point (a, b) ∈ R 2 to the line y = ax − b and the line y = ax + b to the point (a, −b). This duality preserves point-line incidence and above-below relationship, i.e. if a point p lies above (resp. below) a line l, the dual of l is the point that lies below (resp. above) the line which is the dual of p. The dual of a half-plane h defined by the line y ≤ ax + b (resp. y ≥ ax + b) in the point-line duality is the vertical ray r starting at (a, −b) having downward (resp. upward) direction. This extension of the duality is natural, since a point p ∈ h, if and only if its dual line intersects r.
Let R U (resp. R L ) denote the set consisting of the rays which are duals of the half-planes in
Using the point-line duality we can naturally recast our coloring problem so that instead of half-planes we color the vertical rays in R and we require that any line l intersecting at least three rays intersects rays of both colors (see Figure 1) .
Let P U (resp. P L ) denote the sets of starting points of the rays in R U (resp. R L ). Let P = P U ∪ P L . Note that P U and P L , respectively, could be also defined as the sets of points which are duals of the lines defining the half-planes in H U and H L , respectively. The upper (resp. lower ) convex hull of a set of points is the convex hull of the vertical rays directed downward (resp. upward) emanating from the points in the set. We denote by P 0 U (resp. P 0 L ) the set of vertices on the upper (resp. lower) convex hull of P U (resp. P L ). Having defined P i U and P i L we define P i+1 U (resp. P i+1 L ) as the set of vertices of the upper (resp. lower) convex hulls of Figure 1 : In dual settings we want to 2-color the rays so that any line l intersecting at least three rays intersects rays of both colors.
Let p, q denote two points in the plane. We say that p < q if the x-coordinate of p is smaller than the x-coordinate of q.
Let P denote a finite set of points in R 2 . Let uphull (P ) and lowhull (P ), respectively, denote the upper and lower convex hull of P and P , respectively. Observation 1. If lowhull(P L ) and uphull(P U ) intersect, then at least one of the following two sets is not empty: lowhull(P L ) ∩ P U and uphull(P U ) ∩ P L .
Since we assume that H is in general position we can identify the half-planes in H with the points in P. Thus, instead of coloring half-planes in H (resp. rays in R) we will color points in P, so that every line intersecting at least three rays in R intersects rays whose corresponding points in P received both colors. Our algorithm colors points incrementally. Initially all points are uncolored (depicted as squares in our pictures). One time, we assign blue or red colors to points (depicted as solid black discs or empty circles, respectively). A grey area depicts the region that does not contain any point from either P U or P L (depending on the situation) in its interior.
We conclude preliminaries with simple observations that serve as the main "sub-routines" in our algorithm for coloring the points of P. Intuitively, the case when uphull(P U ) can be separated from lowhull(P L ) by a vertical line should be easier. We show indeed that such a situation can be exploited.
Ref.
to Figure 2 . Let p ∈ P 0 U , and q ∈ P 0 L , p < q. Let l U and r L denote the points (we assume that they exist unless stated otherwise) preceding and succeeding p and q on their respective hulls. Suppose that P U does not contain any point to the right of p, and P L does not contain any point to the left of q Moreover, we assume that the line l through l U and p passes above q, and the line l through q and r L passes below p.
Under the assumption of the previous paragraph.
Observation 2. If neither l intersects the segment qr L , nor l intersects the segment l U p, then the 2-coloring of P, which colors p with blue, q with red, all the vertices in P U to the left of p by red, and all the vertices in P L to the right of q by blue, is a good coloring.
See the upper left part of Figure 2 for the proof of Observation 2.
Under the same assumption as in Observation 2.
Observation 3. If l intersects the segment l U p or l U does not exist, there exists a good 2-coloring of P, which colors p with blue, q with red, all the vertices in P U to the left of p by red, all the vertices in P L between q and r L by blue, and all the vertices to the right of r L by red. Analogously, if l intersects qr L or r L does not exist, there is a good 2-coloring of P. Let m denote the tangent through q to lowhull(
L between q and r L , m is below all the points of P L except r L , p and q, and m is above all the points in P U except p, we color r L by red (see the lower left part of Figure 2 ). Otherwise, we color r L by blue (see the lower right part of Figure 2 ).
It is straightforward to check that our 2-coloring is good in both cases. Indeed, there cannot be a red monochromatic edge, and a blue monochromatic edge has to contain r L and p, which yields the tangent m with the above properties and that in turn implies the red color for r L .
Proof of Theorem 1
First, we deal with the case when there exists a point p ∈ R 2 that is not covered by any half-plane in H. Claim 3. We can assume that every point in R 2 is contained in at least one half-plane of H.
Proof. Assume that the origin o = (0, 0) is not covered by any half-plane in H. The point-line polar duality in the plane transforms the line ax + by = 1, (a, b) = (0, 0) to the point (a, b) and vice versa.
We reduce our problem using the point-line polar duality to a problem of coloring a hypergraph H = (V , E ) defined as follows. The set of vertices of H is a finite set of points in the plane and a hyperedge in E is the intersection of a closed half-plane with V of size at least three. In [2] it was shown that H can be always two-colored by an algorithm with the running time of O(|V | log |V |). We use the polar duality on the lines defining the half-planes in H thereby obtaining a set of points P o . Let L o denote the set of line segments op, where p ∈ P o . Now, it is enough to two-color the line segments in L o so that any line intersecting at least three line segments in L o intersects line segments of both colors. We use the algorithm from [2] to two-color the points in P o . A good coloring of the line segments in L o is obtained by assigning to every line segment the color of its endpoint in P o .
Thus, by Claim 3 we can assume that the whole plane is covered by the half-planes in H. Note that the assumption about covering the plane by the half-planes in H translates in the dual setting to the assumption that uphull(P U ) and lowhull(P L ) intersect. Thus, by using Observation 1 we obtain a point p ∈ P 0
By left-right symmetry we can assume that p is not the leftmost point in P U unless |P U | = 1.
Let us assume that |P U | > 1 (the case when |P U | = 1 is discussed later). Let l U ∈ P U denote the point immediately to the left of p on uphull(P U ), and let h denote the line through p and l U . Let r U ∈ P U denote the point immediately to the right of p on the upper hull (if it exists). Let v denote the vertical line through p. Depending on the position of l L and r L above or below h, on the existence of an intersection between the segments l L r L and l U p, and on whether l L < l U holds, we will distinguish the following 4 cases (a)-(d).
In each case we define a good 2-coloring χ of H.
a) In this case we have: r L is above h, which implies that l U p and l L r L do not intersect each other (see Figure 3) .
We color the points as follows:
= blue, and the remaining points by red.
The coloring is good as any non-vertical line intersects a ray corresponding to p, r L or l L , and no line can intersect all the rays corresponding to p, r L and l L without intersecting the ray corresponding to l U .
b) In this case we have: r L is below h, l U p and l L r L do not intersect each other, and l L < l U (see Figure 4 left).
We color the points as follows: χ(p) = χ(r L ) = blue and χ(l U ) = χ(l L ) = red. We color the points q; q ∈ P U , q < l U or q ∈ P L , q > r L , by red and the remaining points q;
or q ∈ P L , q < l L , by blue. The points in P U between l U and p can be colored arbitrarily. Now, we describe the coloring of the rest of P L .
L . Let p 0 < p 1 (resp. p i+1 > p i ) denote the point in P 1 L immediately preceding p 1 (resp. following p i ). If p 0 (resp. p i+1 ) does not exist let p 0 (resp. p i+1 ) denote a point below p 1 slightly to the left (resp. below p i slightly to the right). Let p j , j > 0, denote the point with minimal j so that the line through p j+1 and p j passes above r L . All the points in P L between l L and p j are colored with blue and between p j and r L with red. The color of p j is defined as follows. If p j forms a hyperedge only with l L , and a point in P L between p j and r L , we color p j with blue (see Figure 4 right). Otherwise, we color p j with red. The last condition can be also expressed as follows: If there exists a line through r L and through a point in P L between p j and r L passing above l L and p j , and passing below all the other points in P L between l L and r L , we color p j with blue. Otherwise, we color p j with red.
In what follows we check that the 2-coloring we defined is good: Any line l witnessing a blue monochromatic edge e has to pass below l L and above l U . Moreover, l has to pass below all the vertices of P 0 L except r L , and below all the vertices of P L to the right of r L . Hence, all the points in P participating in e are points from P L between l L and r L . By left-right red-blue symmetry, the same holds for red monochromatic edges. Hence, it is enough to show that no monochromatic hyperedge is formed by points in P L between l L and r L , including l L and r L .
Observe that it cannot happen that p j forms both (1) a hyperedge only with l L and a point in P L between p j and r L , (2) a hyperedge only with r L and a point in P L between l L and p j . Indeed, otherwise we find two different lines intersecting in more than one point (see Figure 4 right). Similarly, it cannot happen that a hyperedge is formed only by r L , and points in P L between l L and p j , since that would violate the minimality of j. Finally, it also cannot happen that a hyperedge is formed only by l L and points in P L between p j and r L . c) In this case we have: r L is below h, and l U p and l L r L intersect.
Let χ(p) = blue and χ(l L ) = red (the color of l L might be changed in some of the following subcases). Let r L (resp. l L ) denote the point following r L (resp. preceding l L ) on the lower hull (if it exists).
First, we assume that either r L is above the line pr U , or r U does not exist. Observe that in this case we can also assume that r U does not belong to lowhull(P L ). Indeed, otherwise r U can play the role of the point p and we easily reduce our situation to case (a). In what follows we distinguish several subcases: Figure 6 : (a) a hyperedge formed by l L , l U and p, (b) a hyperedge formed by l L , l U and p (c1) The line l through r L and r U (resp. l L and l U ) passes below all the points in P L except l L and r L , and above all the points in P U except r U (resp. l U ) (see Figure 5 (a)). We put χ(l U ) = red and χ(r U ) = χ(r L ) = blue (resp. χ(l U ) = χ(l L ) = blue and χ(r U ) = χ(r L ) = red). We color the rest of the points by red (resp. blue).
The defined coloring is good, as a non-vertical line that does not intersect any of the rays corresponding to p, r L or r U (resp. p, l L or l U ) cannot intersect any ray except the one corresponding to l L (resp. r L ). Moreover, a line cannot intersect all the rays corresponding to p, r L and r U (resp. p, l L and l U ).
does not contain any point from P L in its interior (see Figure 5 (b)). We assume that r L (resp. l L ) exists. We handle only the case concerning the triangle l L r L r L , since the situation when r L l L l L does not contain any point from P L in its interior can be handled by symmetry. We put χ(l L ) = χ(r L ) = blue, and χ(r U ) = χ(r L ) = red. We delete the points in P L between l L and r L , except r L , since they can be always colored with red. We color the points r ∈ P U , r > p, and r ∈ P L , r < l L , with red. We apply either Observation 2 or 3 (depending on where the line through p and l U meets the line through r L and r L ) with p as p and r L as q in order to color the rest of the points. Note that r L was not recolored by the observation, as the points in P L between r L and r L were deleted. Thus, by the proof of Observation 3 r L is always colored blue.
The coloring we define in this case might not yet be good, as l L , l U and p might form a monochromatic hyperedge (see Figure 6(a) ). This is equivalent to the situation when a
tangent from l U to the lower hull of P L passes through l L and above all the points in P U except p and l U . However, in this case we can color everything with red, except l L , l U and r L . Let us check that our coloring is good. A red monochromatic hyperedge is rule out easily by either Observation 2 or 3. A blue monochromatic hyperedge e has to contain points that were not colored by the application of either Observation 2 or 3. The only such blue point is l L . Hence, e also contains p and l U (by Observation 3). Now, we have everything colored by red except l L , l U and r L . In this situation a blue monochromatic hyperedge is easily ruled out as no line can intersect three rays corresponding to l L , l U and r L . On the other hand the line that misses all these three rays can hit only the ray corresponding to p.
(c3) The triangle l U pr U does not contain any point from P U in its interior (see Figure 7 (a)), and none of the above happens. We put χ(l U ) = χ(r U ) = χ(r L ) = red. We delete all the points in P U between l U and r U , except p, since they can be always colored with blue. We color all the points in P L between l L and r L with blue. We apply either Observation 2 or 3 with p as p and r L as q in order to color the points in P U to the left of p and in P L to the right of r L . Analogously, we apply either Observation 2 or 3 (with the orientation of the x-axis reversed) with p as p and l L as q in order to color the points in P U to the right of p and in P L to the left of l L . Neither l U nor r U is recolored, by the coloring constructed in the proof of either Observation 2 and 3. It is easy to check that the 2-coloring we defined is good, using the fact that we excluded the previous cases (c1), (c2). Indeed, r U , r L and l L (resp. l U , l L and r L ) cannot form a hyperedge, by excluding case (c1). By excluding case
and r L ) also cannot form a monochromatic hyperedge.
(c4) None of the previous cases occurs. We put χ(r L ) = red (see Figure 7 (b)). We apply either Observation 2 or 3 twice: first with p as p and r L as q; then with the orientation of the x-axis reversed, with p as p and l L as q. Finally, we color all the vertices in P L between l L and r L with blue. Note that if both l U and r U receive blue, l U , p, and r U cannot form the monochromatic hyperedge, since the triangle l U r U p contains an element from P U , which is in this case colored with red. Similarly, we can handle the situation if r L or l L receives red. On the other hand, it can still happen that either l L , l U , p or r L , r U , p forms a monochromatic
Figure 9: (a) Case (d) with no point of P U to the right of p and no point of P L to the left of l L , (b) Case (d) with the point r of P U to the right of p blue edge analogously to case (c2); due to symmetry we treat only the first case. This is equivalent to the following disjunctive condition: either a tangent through l U to the lower convex hull of P L passes through l L , and above all the points in P U except l U and p or the line through l L and l L passes above all the points in P U except l U and p. However, by the coloring constructed in the proof of Observation 3, if that is the case (see Figure 6 (b)) the line through l L and l L intersects the segment pr U . Thus, we can color everything by red, except l L , l L , l U and r L . The coloring is still good as l L l L r L contains a point from P L in its interior.
If none of (c1)-(c4) occur in case (c), r L is below the line pr U . We can assume that the line through l L and r L does not intersect the segment pr U and that the line through p and r U does not intersect the segment l L r L , see Figure c . Indeed, otherwise we could reduce this case (after reversing the x or y-axis) to case (a) with p or r L playing the role of p. Similarly, we can assume that r U > r L , as otherwise we could use the argument of case (b).
We color l L with blue and we color r L and r U with red. We color the points r ∈ P U , r > r U and r ∈ P L , r < r L , with blue. We color the remaining points r ∈ P U , r > p, with red. Finally, we apply either Observation 2 or 3 with p as p and r L as q. Now we finish by arguing that our coloring is good.
A line l witnessing a monochromatic hyperedge cannot avoid both rays corresponding to p and r L . If l passes below p, it also has to pass above r U and below r L , and we are done by either Observation 2 or 3. If l passes above r L , it has to pass below l L . Hence, we are again done by either Observation 2 or 3 as well.
d) In this case we have: r L is below h, l U p and l L r L do not intersect each other, and l L > l U , as in Figure 9 (a) and 9(b).
First, we assume that there exist no point of P U to the right of p and no point of P L to the left of l L , see Figure 9 (a). We color the points as follows:
We color the points p ∈ P U , p < p, and p ∈ P L , p > r L , with red. We color the remaining points p ∈ P L , p > l L , with blue. We can assume that the line through l L r L does not intersect the segment l U p, as otherwise we can reduce this case to case (a) with l L playing the role of p. Thus, a line corresponding to a blue monochromatic hyperedge cannot pass above l U . Similarly, a line corresponding to a red monochromatic hyperedge cannot pass below r L .
Otherwise, there exists a point r, which is either in P U , such that r > p, or in P L , such that r < l L . We can assume by symmetry that there is a point r ∈ P 0 U immediately to the right of p on uphull(P U ), such that r > r L and r lies below the line through p and r, see Figure 9 (b). Indeed, otherwise we could reduce the situation to previous cases (a)-(c). We color r, p and r L with blue, and the rest of the points with red. Our coloring is good since every non-vertical line has to intersect a ray whose corresponding point is blue, but no line intersecting all three such rays can pass below l L and above l U .
Finally, the case |P U | = 1 can be handled as a special case of case (c4), and that concludes the proof of Theorem 1, except for the algorithmic time complexity.
Most of the proof can be straightforwardly implemented algorithmically. The bottle neck operations of the algorithm are constructing a convex hull (see e.g [7] ), sorting the points in P according to the x-coordinate and according to their order around a point, constructing a tangent to a compact convex polygon from a given point, and the subroutine from [2] (in case when there is an uncovered point of the plane). Since each of these operations takes O(|V | log |V |) running time, and each of them is carried out constantly many times, the rest of the theorem follows.
Discussion
We can generalize our problem as follows. Let us define pH(k) as the minimum number l so that we can k-color any finite set of half-planes such that any region covered by at least l half-planes is covered by half-planes of all k colors. In other words, pH(k) is the minimum number l so that any l-fold cover of a set S ⊆ R 2 by a finite set of half-planes can be decomposed into k covers of S.
In [1] it was proved that pH(k) ≤ 8k − 3, which was recently improved to 4k − 3 in [8] . We strengthened this result in one special case, i.e. we proved pH(2) = 3. Thus, it remains as an interesting open question what the right value of pH(k) is for k > 2.
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